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[ã, b̃]  [c̃, d̃] = [ã  c̃, b̃  d̃].
UV1YwxY0pdm~un~1YY;ªfhnfz©OY0pq~Ld{fxY; LnCdhdhpql1oqbªepq¢9Y;whY;~Cfmz~1 ~un~e¡KnufhpXZoèzotuYjd 5(ã + c̃) ~1
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1 + x2psdZp~«fxVuYFwx~uY
[1, ◦(
√
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¥ [Cfx~1uwx«pq~CfhY;whokzwxp§fxVuXZYfhps'pqoofhV1Y~ z~1dh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√
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[−1, 1] Od~unzfxVuYw1wgfnz£QfxVuYzonwxpqfhVuX nOtuoY e9Y; fj¥è[Cfx~1uwxp~CfhY;whzo²zwxpqfhVuXZYfxp^~u~unf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euwhYjdhdhpn~~1'VctuXz~'pq~CfhY;wxO fxpqnO~psd~uYYjeY;'p~1dgfhY;OÎ¥
¬­nO~1dgYjrCtuY~Cfhob±cpqfXZbl9YuwxY£¦Ywzl1oqY¨£¦nwlLnOtu~1ud~10Y;whwxnwdE1whncnz£Ñd­fxnml9YdgY;1zwfxY;0dhn-fxV1f
pq£­nOtuw,fhncno	psd~unzfzluoYmfhn!uwxnYnO~uYmn£èfxVuYX pqfXb!dgfhpoolLYZt1dhY;£¦nw^fhVuYZnfhVuY;w^nO~uYioqpXZp§fxpq~u
VctuX~p~CfhYwfhpn~1dOdX-t1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fhpn~LdiwhYFl1dgnOoqtufhYFz~1 wxYosfxpqOY
Y;whwxnwd 4 ?K7K¥|kl1dhnotefxYYwxwhnOw,psdt1dhY£¦tuoEpqfhV%°eYj®9np~CfwhpqfhV1XiYfhpsdgp~1YmfxVuYZXz~1p§fxt1eYZnz£fhVuY
wxnt1~1ep~uY;whwxnw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d~!lLYtLdgYj
p~Fzoo²fhVuYnfhVuY;wkOdgYjd¥
|¨l1dgnOoqtufhYYwxwxnw
	
ηx
psdkfhfxOVuY;fhnZzwxpluoY
x
lcb0YjrCt1zop§f{b
x = x̃ + ηx.
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pdfxVuYwhnOtu~1ep~uZYwxwxnwlLYf{­Y;Y~fhVuYY u fwxY;dhtuoqfn£
x̃ + ỹ
z~LpqfxdknXZutefxY;'zotuY
x̃  ỹ
¥
z − z̃ = (x + y)− (x̃  ỹ)
= (x + y)− (x̃ + ỹ − η0)
= (x− x̃) + (y − ỹ) + η0
= ηx + ηy + η0.
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ηz ∈ Az ⊆ Ax + Ay + A0
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V1YfhV1YdhXiYFdhpqO~Q¥ UVuY!XZnOdgfnOXiXZnO~
wxY1whYjdgY;~OffxpqnO~nz£	fxVupdkYwxwhnOwpd
x̃ = x × (1 + ε1)
lutef^z~unfhVuY;wkLnCdhdhpluoqYnO~uYpd
x = x̃ × (1 + ε2)465j&7J¥
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|,d­n~1oqtLdgpn~Zt1dhpq~1
x = x̃× (1+ εx)
OpqOY;dEwx~uYzopsZn~0zoo1~1nwxXZoqp6LYji~Ct1X-l9Yw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x̃
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uzXZuoYOd£¦nwxwxYwxwxnwz~1oqbedhpdpsdY;whb0nXZXZn~Q¥­¯unwfxVuYX-t1o§fxpquopsfxpqnO~
z = x× y ±ep§£ z̃ psdoqbedè~1nwxXZoqp6LYjÎ±cfhV1YwhY;ozfhpY^YwxwhnOw ,pd,+
z
z̃
=
x× y
x̃  ỹ
=
x× y
x̃× ỹ (1 + ε0)
= (1 + εx)(1 + εy)(1 + ε0).
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YfhfxVFp~CfhY;whzosd
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nz£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whpqfhV1XiYfhps^whnOtu~1ep~uifhnZ~uYjzwxY;dgf;±epqfkpd
[−u/2, u/2] ~10°L~1zooqb
εz ∈ Rz ⊆ (1 + Rx)(1 + Ry)(1 + R0)− 1.
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{
A0 = A and An+1 = An ∩ (Rn × I)
R0 = R and Rn+1 = Rn ∩ (An ÷ I)
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ã  c̃ ≤ b̃  d̃ pq£ ã ≤ b̃ ~1 c̃ ≤ d̃.
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ã ≤ b̃  c̃ ±²fxVuYmfhncnosdO fd¨d^z~®nwoY-~1nOXZutefhYjd¨l9Y£¦nOwhY;V1z~L'fhVuYZdgt1X
d̃ = b̃  c̃
z~LFuwxnCpseYjdfhVupsd^~ctuX-l9Yw
d̃fxnfxVuYZuwxnCn£èVuY;©OYwj¥-¬­n~1dhY;rCtuY;~OfxoqbO±²fhVuYZVuYj©YwencY;d^~unf^VLYfxnY euoqpspqfhob®nXZutefxY
b̃  c̃p~ nweYwfxnFuwxnYmfhVuYuwxn9Ywhf{b±p§fnO~uob®V1Od^fhnFY;whpq£¦bFfxV1f
d̃
duwxncpeYj®lcb®fhVuYZfxnCnOoEpsdfhVuY
oqnCdgYjd{f  ¦pqfhV!whYjdg9Y;ffhnifhVuYwxnt1~1ep~umXZneeYn£

è¤1nOzfhp~uZLnOpq~Cf~ctuX-l9Ywfxn
b̃ + c̃
±uz~1fhV1Y~
fxV1f
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fhVuY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λ{1,2}
~1ZfhV1Y¨Y;neeYfxposfxp§fxt1eYjd
φ{1,2}n£uosz~1Y;dB5z~1!e±u~1fhVuY;pqw¨dh9YY;1dfhnzw0~unOwgfxV
vN{1,2}
±efhnzwY;Od{f
vE{1,2}
¥EUVuYnOtefh1tefxd
whY,fhV1YwhY;ozfhpYncnwep~1fxY;d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φ
a
b
Rp
Rm
¯4pqOtuwxY 5 + M^YneeYfxposfxp§fxt1eY~1wupqt1dp~  M[<JzZdgbedgfhYX
psdèmnO~1d{fz~Cf;¥
Rm
z~L
Rp
zwxY & wgfxVwxOept1dèoqnO~u-XZYwxpsep~0z~1oqnO~u-LzwzooqY;oe£¦nwpY;~
osfxp§fxt1eY +
Rp(φ) =
a
1 + (1− f)2 tan2 φ
Rm(φ) =
a(1− e2)
(1− e2 sin2 φ)3/2
¬­nO~1dgfxz~Cfd
a
±
e
z~L
f
zwxYeY;dxwxplLYjªlcb  M[$Jz 0~1 zwxYodhnFt1dhY; fxn®eY°L~uY0fxVuYOYneeYfxp
ncnwepq~LfhYjdpq~'fhV1YLnCdgpqfhpn~up~udhbcdgfhY;Xd¥
$  º  Ñ  U³wz~LdgosfxpqnO~0£¦wxnX OYneeYfxpnCnOwxupq~1zfhYjdèfxn0z~ & t1oqpseY;~!~uYpVcl9nwxVuncnc
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φ1
±
φ2
±
λ1
±
λ2
±
vN1
±
vN2
±
vE1
±
vE2
φ0 ← (φ1 + φ2)/2
rp0 ← Rp(φ0)
sN1 ← vN1/Rm(φ1)
sN2 ← vN2/Rm(φ2)
sx ← (λ1 − λ2) ∗ rp0
sy ← (φ1 − φ2) ∗Rm(φ0)
vx1 ← vE1 ∗ rp0/Rp(φ1 + sN1 ∗ tr)
vx2 ← vE2 ∗ rp0/Rp(φ2 + sN2 ∗ tr)
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UV1YwxY£¦nwxY±ÎY0eYjpseY;®fhnuuwxn cpXfxYmepwhYj fxoqb
Rm
~1
Rp
¥0UVupsdu1dXinOwhYiYwxwxnwd^Od^fhVuY
oqOnwxp§fxVuX7t1dgYjd4LnOoqbc~unOXipszosd
R̂m
z~1
R̂p
wfxVuYwfhV1~
Rm
z~1
Rp
¥UVuYuwxnOwxX £¦nOw
R̂p
pd4pY;~
|¨oqOnwxp§fxVuX e¥
R̂m
psdnXZpqfgfhYj0lutufpqfpddgpXZuoY,pXZuoqY;XZY~Cfxzfhpn~n£ 8knOwh~1Yw  dèwhtuoY¥  Y,p~Cfhwxneet1Y
~tu~1Ywhfxzp~Cf{b¨nO~fhVuY°LwxdgfncY=pqY;~Cf³nz£eY;OVLnOoqbc~unOXipszofhn¨Ontu~CfÎ£¦nw³fhVuY­ep§¢²YwxY~LYEl9Yf{YY;~
fxVuYY uO f£¦tu~1fhpn~Fz~1fhV1Yzuuwxn epqXzfhY;LnOoqbc~unOXZpoÎpq~!nt1wfhncnoJ¥
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R̂p(φ)
uuwxn cpXfxpq~u
Rp(φ)
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φ   oqo²fxVuYebOOeps,~ctuXmlLY;wxdwhY,¤1nCfhp~uZ9np~Ofk~ctuXmlLY;wxd
x ← 511225× 2−18 − φ2
y ← 4439091 · 2−2 + x× (9023647 · 2−2 + x× (
13868737 · 2−6 + x× (13233647 · 2−11 + x× (
−1898597 · 2−14 + x× (−6661427 · 2−17)))))
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sx
z~1
sy
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vx1
z~L
vx2
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nOLY;wxzfhpn~1d;¥  YXZb%zosdgn'fz©YZp~Cfhn;nOtu~CfdhnXZY '[cv dhLYjpq°LZpqXZuoYXZY;~Of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